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Shannon Meets Fick on the Microfluidic Channel: Diffusion Limit to Sum Broadcast Capacity for Molecular Communication
A. Ozan Bicen , Member, IEEE , Janne J. Lehtomäki, Member, IEEE , and Ian F. Akyildiz, Fellow, IEEE
Abstract -Molecular communication (MC) over a microfluidic channel with flow is investigated based on
Shannon's channel capacity theorem and Fick's laws of diffusion. Specifically, the sum capacity for MC between a single transmitter and multiple receivers (broadcast MC) is studied. The transmitter communicates by using different types of signaling molecules with each receiver over the microfluidic channel. The transmitted molecules propagate through microfluidic channel until reaching the corresponding receiver. Although the use of different types of molecules provides orthogonal signaling, the sum broadcast capacity may not scale with the number of the receivers due to physics of the propagation (interplay between convection and diffusion based on distance). In this paper, the performance of broadcast MC on a microfluidic chip is characterized by studying the physical geometry of the microfluidic channel and leveraging the information theory. The convergence of the sum capacity for microfluidic broadcast channel is analytically investigated based on the physical system parameters with respect to the increasing number of molecular receivers. The analysis presented here can be useful to predict the achievable information rate in microfluidic interconnects for the biochemical computation and microfluidic multi-sample assays.
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I. INTRODUCTION
S PECTACULAR evolution in the microfluidic chip technologies has enabled the large-scale integration of molecular systems, i.e., lab on a chip [1] - [3] . The advances in the microfluidic chip technologies and their salient features for entirely molecular sensing and computation have further entailed the networking of distinct molecular systems. For this purpose, the emerging field of molecular communication (MC) stands as a promising solution to enable interconnection of chemical reaction systems, including engineered biological systems, and nanodevices, that can be hosted on a microfluidic chip [4] - [7] . In this work, we investigate MC over a microfluidic channel where information is encoded in molecular concentration gradient. A microfluidic channel with steady continuous fluid flow can serve as a propagation medium for MC [8] , [9] . The molecular transmitter and the receiver are connected over the same microfluidic channel. The molecular transmitter releases molecules with a certain concentration. The concentration level of the released molecules represents the message. The molecular signal propagates through the microfluidic channel via convection until reaching the molecular receiver, where the signal is detected.
For MC over microfluidic channels, the dimensions of the channel and the fluid flow velocity pose unique challenges that can be detrimental to the information rates. The study of the information rates in microfluidic MC systems can help to determine the performance bounds in terms of the physical system and the communication parameters. The classical answer to the achievable information rates (capacity) of the linear channels is pioneered by Shannon [10] . Here, we utilize Shannon's mathematical theory to study the physical limits for the sum broadcast capacity of MC over microfluidic channels, where the molecular signal propagation is governed by Fick's laws [11] .
Fick's laws describe the mass transport by the diffusion process and were used to analyze diffusion-based MC systems [9] , [12] , [13] . Recently, use of multiple types of molecules was motivated for mitigation of inter-symbol interference and targeting multiple reaction systems in diffusion-based MC [14] , [15] . In [16] , MC between a transmitter and a receiver under drift in a blood vessel was studied. Information transmission based on a very small drop of a liquid over microfluidic channels instead of concentration of molecules was investigated in [17] . The receiver design for diffusive MC with flow and additive noise was studied in [18] . In [9] , the design of a field-effect transistor-based biosensor attached to a microfluidic channel was presented, and the detection performance was evaluated. In [19] , the impulse response characterization was performed for transparent receivers placed in a pressure-driven steady-state flow. The modeling of multiple interferers and analysis of MC over a microfluidic channel by using the same type of molecule was performed in [20] . The modeling, design, and instrumentation for generation of complex concentration profiles using microfluidic channels have recently been a field of interest [21] - [26] . The design of microfluidic networks by using electrical circuit analogy was studied in [21] . An experimental platform was designed by leveraging the lumped-parameter models of microfluidic channels in [26] where the authors study separation of chemical signals oscillating at the different frequencies. Moreover, the microfluidics has been considered for parallel analysis of multiple chemical samples. The parallel identification of multiple samples using a microfluidic chip-based portable analyzer was performed in [27] . A microfluidic platform capable of performing multiple parallel biochemical reactions in a single experiment was demonstrated in [28] . A model system of surface-based biosensors attached to microfluidic channels was studied in [29] . Both current applications and future impacts of miniaturization and parallelization of biological and chemical assays in microfluidic devices, including facilitating highly parallelized assays with drastically increased throughput and reduced cost, were discussed in [30] . However, understanding of the physical limits (impact of mass transport (convection and diffusion), and physical configuration of the microfluidic channel) for information transmission over a microfluidic channel have yet to be investigated, and may aid the design of high throughput multiple sample analysis systems on a microfluidic chip.
In this work, we specifically address the broadcasting to the receivers placed in back-to-back (microfluidic broadcast channel) where a single transmitter is connected to multiple receivers through orthogonal signaling pathways (the use of different types of molecules for signaling each separate receiver). We study the impact of amplified attenuation and noise due to receiver separation on the sum capacity of the broadcast microfluidic channel, in which the sum broadcast capacity could be limited by the molecular propagation characteristics (laws of diffusion). To the best of our knowledge, the information-theoretic evaluation of the physical limits for the multiple receivers (or biosensors) attached to a microfluidic channel has not been investigated before. The sum broadcast capacity is formulated using the formula for achievable information rates of linear channels developed by Shannon and using the microfluidic propagation model developed based on Fick's laws of diffusion. We, for the first time, analytically investigate the convergence of the sum broadcast rate and the related constraints on physical system parameters as the number of the receivers is kept increasing. In addition, numerical results are presented to verify analytical findings with respect to physical system parameters.
II. MICROFLUIDIC BROADCAST MOLECULAR COMMUNICATION
The receivers are placed back-to-back on the microfluidic channel as illustrated in Fig. 1 . We focus on the use of different types of molecules for signaling with each receiver. The transmitter releases a finite amount concentration of different types of molecules for broadcasting to multiple receivers. The signal propagates through the microfluidic channel until reaching the receiver. The height (a ch ), and width (b ch ) parameters of a microfluidic channel, and the distance between transmitter and receivers are illustrated in Fig. 1 . Each receiver only responds to its corresponding type of molecules. The different types of molecules provide orthogonal signaling while targeting M molecular receivers.
As a physical example for the molecular transmitter and receiver, chemical reaction systems can be considered (e.g., surface-based reactions or engineered bacteria in microfluidic systems [9] , [31] - [33] ). The released concentration level x m represents the message to be sent by the transmitter to the mth receiver. Let us denote φ 2 as the constraint on variance of
We use m as the subscript to denote the target receiver m. The receiver is tuned to detect the oscillations in the received molecular signal at a specific rate of change, f c . The attenuation and the noise effects in the microfluidic channel are quantified based on the detected rate of change f c at the receiver. The molecular receiver is assumed to be responding to the received signal per time-
The attenuation and noise effects for MC over microfluidic channels have been investigated, and a linear channel model is formally established in [8] and [34] , where detailed explanations on the physical formulation of the microfluidic channel impairments are provided. The propagation characteristics, channel gain, and noise in MC over microfluidic channels are outlined below.
A. Propagation Medium
We assume laminar, steady, and unidirectional flow, which is driven by the pressure drop across the microfluidic channel [35] . For a straight and rectangular cross-section microfluidic channel, calculation of the area-averaged flow velocity (the propagation speed, u) with respect to physical dimensions and pressure drop accross the microfluidic channel is given in [36] . Molecular transport via the fluid flow is conventionally modeled using the one-dimensional solution of the convection-diffusion equation for a microfluidic channel and validated in numerous studies [21] - [25] , [35] , [36] .
Here, we use temporal frequency in our analysis apart from our former work based on the wave number in [8] and [34] . The relation between the wave number, k c , and the temporal frequency, f c , based on propagation speed, u, was derived in [8] as k c = 2π f c /u. The channel gain of the mth receiver, α m , is as [8] 
where u is the flow velocity, and D is the Taylor dispersion adjusted diffusion coefficient, which is given by [37] 
where D 0 is the diffusion coefficient (for analytical tractability, we assume different types of molecules for each receiver have similar diffusion coefficients and τ (m) is the propagation delay for mth receiver that is obtained based on the distance, l m , of mth receiver as τ (m) = l m /u [8] .
The molecular noise at mth receiver, n m , is caused by the diffusion of molecules while being transported by convection. The displacement of molecules by convection and diffusion are independent according to the convection-diffusion equation [34] . Thus, x m and n m are conditionally independent for each receiver m at constant distance l m given φ 2 . The range of f c is upper limited to a few mHz (in accordance with the time-scale of engineered bacteria-based biochemical oscillators [31] - [33] ). The molecular propagation noise at each receiver, n m , can be modeled as white Gaussian for sufficiently small f c ranges [34] . The variance, σ 2 m , of the n m is calculated based on the attenuation at the microfluidic channel as [34] 
The distribution of n m is taken as n m ∼ N 0, σ 2 m .
B. Signal Model
The transmitter releases instantaneously signal x = [x 1 , x 2 , · · · , x M ] T with a rate of f 0 , where x m is the concentration level of mth type molecules. Interspacing for the transmission of consecutive molecular signals is taken to be sufficiently large such that the microfluidic channel is memoryless. x m is the amount of the type m molecules within the molecular signal x. r m is the received signal with the type m molecules at the mth receiver. The received signal r m for the mth receiver is given by
where α m is channel gain, and n m is the propagation noise. The variance of the noise term σ 2 m is given in (3), and the variance constraint on the received signal, E[r 2 m ] ≤ ψ 2 m , is as
C. Microfluidic Broadcast Channel Analysis
The block diagram representation for the microfluidic channel is given in Fig. 2 . Here, the channel gain and noise are analyzed with respect to the separation distance between receivers, l (m) sep , which are later utilized to derive the sum broadcast capacity in Section III and investigate the convergence of the sum capacity while the number of receivers is kept increasing.
1) Channel Gain:
The receivers are placed on the microfluidic channel with the separation distances of l (m) sep , which is the distance between the mth and the (m + 1)th receiver. The propagation delay between the two consecutive receivers, τ (m) sep , is obtained as
Accordingly, the propagation delay for the microfluidic channel between the transmitter and mth receiver, τ (m) , is formulated as
where τ (1) is the propagation delay between the transmitter and the closest receiver (m = 1). Using (7), the signal gain in (1) for the mth receiver becomes
where α 1 is the channel gain for the closest receiver, and δ i represents the channel gain between two consecutively placed receivers that is given by
2) Noise: Based on the refined channel gain in (8) and delay in (7) for microfluidic broadcast MC, the variance of the noise for the receiver m is formulated using (3) as
III. DIFFUSION LIMIT TO SUM BROADCAST CAPACITY
In this section, for the back-to-back placement of receiver chambers on the microfluidic channel with uniform separation distance, we formulate the sum broadcast capacity using the achievable information rates of linear channels developed by Shannon and the laws of diffusion developed by Fick. Then, we analytically show the convergence of the sum capacity as the number of the receivers is kept increasing based on physical system parameters. 
A. Sum Capacity
Due to the different types of molecules used for signaling between the transmitter and the each receiver, the microfluidic channel is composed of orthogonal MC links between the transmitter and the each receiver. Thus, based on the developed propagation, and the noise model in Section II-C.1, and Section II-C.2, respectively, the sum capacity of the channel is obtained via addition of the capacity of the individual orthogonal MC links. The signal-to-noise ratio (SNR) at the receiver m (γ m ) is defined as
The capacity of the linear memoryless communication channel between the molecular transmitter and the mth molecular receiver is given by based on Shannon-Hartley theorem as [38] 
The sum capacity C sum = M m=1 C m is as
We can see that the sum broadcast capacity does not depend on the variance constraint, φ 2 . Thus, the system performance is limited by the noise caused due to the interplay between the convection and diffusion in the microfluidic channel.
B. Convergence of the Sum Capacity
For the back-to-back placement of the receiver nodes on the microfluidic channel, the attenuation and the noise effects on the molecular signal limits the sum capacity, even though the distinct types of molecules are used for signaling with each receiver and the number of receivers is kept increasing.
In the following, we, first, obtain an upper bound for the sum capacity under the uniform placement of the receivers. Then, the convergence of the sum capacity is made clear in the next theorem.
The sum capacity given in (12) can be upper bounded considering the uniform placement of the receivers with the minimum of the separation distances l 
τ sep in (6) becomes
Furthermore, for the uniform placement of the receivers, the channel gain δ between consecutively placed receivers is given by
where τ sep is as defined in (14), leading to channel gain
Based on the channel gain in (16) and receiver separation delay in (14) for microfluidic broadcast MC, the variance of the noise in (9) for the receiver m under uniform placement is obtained as
We denote the sum capacity under uniform receiver placement by C * sum , which is given by
We should note that C sum is upper bounded by C * sum . If the number of receivers keeps increasing (M → ∞) the sum capacity converges, i.e., the addition of new receivers with orthogonal signaling does not yield any improvement in the sum capacity. The convergence of the sum capacity of the microfluidic channel is given as follows.
Theorem 1: Let C * sum is as given by (18) . For any arbitrarily small > 0, there exists an M < ∞ such that the sum capacity is upper bounded by C,
Proof: The convergence of the sum capacity is studied based on the convergence of the series. Using the ratio test, the convergence of the series for the presented upper bound in (18) can be assessed as
For the physical configurations yielding low SNR, e.g., if m → ∞ then l m → ∞ hence γ m ≈ 0, the memoryless MC capacity between the transmitter and the receiver m can be approximated using the first order Taylor series of the log 2 function as
Using (21), the ratio test in (20) is rewritten as
where the first term does not depend on m, and the limit of the second term is 1/1 since both exp terms at nominator and denominator diminish as m → ∞ due to the large negative power. Thus, the limit is as
Since exp(−2 4π 2 f 2 c u 2 Dl sep /u) < 1, the sum capacity of the microfluidic broadcast channel converges while the number of receivers is kept increasing, which concludes the proof. The condition on the convergence can also be written in terms of wave number k c as exp(−2 k 2 c Dl sep /u) < 1 by converting the temporal frequency f c to wave number k c as explained in Section II-A. Fig. 3 . The sum broadcast capacity with respect to the number of receiver chambers using (18) . The parameter values were the same as in the Table I . Fig. 4 . The sum broadcast capacity with respect to the number of receiver chambers using (18) . Only u was changed to 200m/s, while other parameters in Table I were kept the same.
C. Numerical Results
The parameter values in Table I were used for evaluation, which were chosen based on experimental and modeling work in the microfluidic literature [21] - [26] . In Figs. 3, 4 , 5, and 6, the convergence of the sum capacity is presented with respect to the increasing number of receiver chambers placed on the microfluidic channel. The distance for the closest receiver, l 1 , was varied from 40mm to 80mm. 5 . The sum rate with respect to the number of receiver chambers using (18) . Only l sep was changed to 1mm, while other parameters in Table I were kept the same.
In each result, only one parameter value was changed, while other parameters were kept constant. In Fig. 3 , Table I values were used. In Fig. 4 , only u was changed to 200μm/s. In Fig. 5 , only l sep was changed to 1mm. In Fig. 6 , only D 0 was changed to 0.5 · 10 −9 m 2 /s.
The convergence of the sum capacity is due to the diffusion characteristics of the molecular propagation (the increasing attenuation and noise for the receivers placed further). In  Figs. 3, 4 , 5, and 6, for the smaller l 1 , the sum capacity converges to a higher value due to the decreased attenuation. As the distance for the closest receiver is further increased, the converged sum capacity decays, e.g., when the l 1 is increased from 40mm to 80mm in all results. In Fig. 5 , it is observed that the sum broadcast capacity converges with a slower rate to a higher saturation value, as D 0 was reduced to 0.5 · 10 −9 m 2 /s. We also note the linear scaling of the sum broadcast capacity for the small number of receivers, e.g., when the number of receivers is below 10.
D. Discussion
We analytically showed the convergence of the sum broadcast capacity based on physical system parameters with respect to the increasing number of receivers. The interplay between the convection and the diffusion is investigated by studying the physical system parameters. The provided analysis for sum broadcast capacity may enable information-theoretic evaluation of the microfluidics-based miniaturized total chemical analysis systems.
MC over microfluidic channel may facilitate parallel testing, processing, and preparation of the chemical samples on a microfluidic chip. The microfluidic broadcast channel represents an example microfluidic chemical analysis architecture for performing multiple tests on the input signal composed of different types of molecules. Broadcast communication architecture can serve as a building block for complex microfluidic networks toward parallelization of microfluidic multi-sample chemical assays. The throughput and the accuracy of these systems can be assessed via the information theory. Fig. 6 . The sum broadcast capacity with respect to the number of receiver chambers using (18) . Only D 0 was changed to 0.5 · 10 −9 m 2 /s, while other parameters in Table I were kept the same.
The transmitter node may detect physical and chemical phenomena, and broadcast to the receiver nodes placed on the microfluidic channel, where multiple chemical tests can be applied by different receiver nodes in parallel. The microfluidic broadcast channel can also be utilized to improve chemical test accuracy, such that the multiple receiver nodes can perform the same analysis on the broadcasted molecular signal and provide diversity gain.
IV. CONCLUSION
The microfluidic channel with the steady continuous fluid flow can serve as a propagation medium for MC. In this paper, the physical limit for sum capacity of broadcast MC over microfluidic channels is studied. We use the Fick's laws and Shannon's information capacity formula to characterize the impact of the molecular propagation on the sum capacity of broadcast MC. We consider a single transmitter communicating with multiple receivers using different types of molecules for each. The convergence of the sum capacity due to the interplay between the convection and diffusion in the microfluidic channel is shown with respect to the increasing number of receivers. The provided analysis of sum broadcast capacity may help to predict the performance of the multi-sample chemical analysis systems on a microfluidic chip. Toward development of lab on a chip systems based on complex microfluidic networks, broadcast communication architecture may serve as a building block.
